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A THEORETICAL STUDY OF STRUCTURE 
AND ORDERING IN Pb-Bi 

MOLTEN ALLOYS 

B. C .  ANUSIONWU*, 0. AKINLADEt and L. A. HUSSAIN 

Department of Physics, University of Ibadan, Ibadan, Nigeria 

(Received 9 July 1996) 

The solution of the Percus-Yevick (Py) equation for a binary mixture with a square well 
potential as a perturbation has been applied to the study of the Pb-Bi molten alloy 
system. The partial structure factors in the long wavelength limit is calculated and used to 
evaluate the long wavelength limit of the concentration-concentration fluctuations S,,(O). 
This has in turn been used to obtain the Warren-Cowley short range order parameter ctl 
and the chemical diffusion D. The calculations indicate compound forming tendencies in 
Pb-Bi molten alloys with greater magnitude at low atomic fraction of Bismuth. 

Keywords: Partial structure factors; liquid alloys 

1 INTRODUCTION 

Investigations [l-41 which have so far been carried out on the Pb-Bi 
system indicate that it is ‘anomalous’, partly because it manifests a 
positive excess volume and a negative enthalpy of mixing. It was 
further observed [2] that the system shows a small positive departure 
from linearity in the concentration dependence of liquid alloy volume. 

Recently, Neuman et al. [4] suggested that the results of scattering 
investigation and thermodynamical measurements [ 11 can be ex- 
plained by the assumption that atomic arrangements with a preference 
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2 B. C. ANUSIONWU et al. 

of unlike atomic pairs exist in the Pb-Bi molten alloy. The present 
work is an attempt to, firstly, obtain the partial structure factors for 
Pb-Bi from experimental total structure factors and secondly to in- 
vestigate the nature of ordering in the system as deduced from struc- 
tural information. 

We note that Lead and Bismuth though adjacent to one another in 
the periodic table and with a low eutectic, have a significant disparity 
in structure. While molten Bismuth manifests a shoulder to the right 
of the principal peak of its structure factor, Lead in most cases 
exhibits structural features similar to those in a normal metal. 

Theoretical studies of the structure of binary alloys require the 
accurate estimation of the three partial structure factors, SI SZ2(q)  
and SI 2(q).  Obtaining these partial structure factors from experiment 
is difficult since we require at least three independent measurements 
for evaluating these. Model calculations become inevitable, since it 
offers a way of determining the structure factors independent of ex- 
periment. 

The perturbation treatment of the Percus-Yevick (PY) equations 
with a square wall attractive tail has been shown [5 ,6]  to explain the 
structural properties of liquid alloys satisfactorily. The result of the 
treatment is here applied to the Pb-Bi melt to obtain the Ashcroft 
Langreth partial structure factors Sij(q). The Sij(q)’s are in turn used to 
compute the Bhatia-Thornton partial structure factors and these 
form the basis for calculations relating to ordering in the molten alloy 
being studied. 

The layout of the present paper is thus as follows, in the next 
section, we summarize the necessary equations for our calculations. 
Section 3 deals with our discussion on the structure of the alloy while 
in section 4, we discuss the nature of ordering in the system. In section 5, 
we conclude with a summary of the important deductions made. 

2 THEORETICAL FORMULATIONS 

To obtain the partial structure factor Sij(q) of a system of liquid alloys, 
the Fourier transform of the direct correlation function is required. 
We define the direct correlation functions in the usual form appropri- 
ate for a hard sphere system with a wall [7,8] : 
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STRUCTURE OF LIQUID ALLOYS 3 

where p = & and C!! is the Percus-Yevick [9] solution for the hard 
spheres. oi,, eij and A,,, represent the hard sphere diameters, depth and 
breadth of the square well respectively. 

The Fourier transform C,(q) of the direct correlation function C,(r) 
can be found in the literature [lo, 111. The partial structure factors 
are obtained from the Cij(q) [12] as 

where the p i i  represent the number density of the ith component. The 
total structure factor S(q) is related to the partial structure factors by 
the relation 

where f i (q)  and fj(q) are the atomic scattering factors of the ith and 
jth component respectively. ci and c, are the atomic fractions of comp 
onents i and j respectively. The Bhatia-Thorntom partial structure 
factors are related to the Sij(q)’s by the relationship [ 131 
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4 B. C. ANUSIONWU et al. 

where c1 and c2 are the atomic fractions of the components 1 and 2 
respectively. An understanding of the nature of alloy formation in the 
molten state depends on the knowledge of the concentration-concen- 
tration fluctuation in the long wavelength limit S,,(O). This can be 
obtained via the long wavelength limit of the partial structure factors 
S,,(O), S,,(O) and S,,(O), which in turn depends on the 4-0 limit of 
the Sij(q)’s, i.e. 

The long wavelength limit of the direct correlation function, can be 
expressed [lo, 111 as: 

Cij(0) = C Y ( 0 )  + c;(o) (10) 

where 

.n 
C Y ( 0 )  =-[ - 4uiA; + 6fij(A$ - CT$) + 4aij(A; - c$) 

3 

+ bij(A: - 0;) + lOd(0; - A;)] 

and 

4.n&..fs3. 
C i j (  )--[l-A;] 
w o  - 3K,T 

The constants ai i ,  f i i ,  bii, d and their cross terms are complex functions 
of the packing density of the i and j components and they can be 
obtained from the literature [ 10, 1 I]. 

The Warren-Cowley short range order parameter (al) [14, 151 
gives a measure of the tendency to compound formation or phase 
separation in molten alloys. It is also considered [16] as an important 
indicator of the degree of ordering in a binary alloy. 

With the knowledge of S,,(O), a, can be easily evaluated from the 
expression by Singh et al. [17]: 
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( S  - 1) 
S(Z - 1) + 1 ’ 

cI1 = 

where 

5 

(13) 

2 is the coordination number of the alloy, and c the atomic fractions 
of one of the components of the alloy. 

For equiatomic composition (c =+), one has - 1 < c i l  < 1. The 
minimum possible value of cil i.e. “;tin = - 1 represents the complete 
ordering of pairs of nearest neighbour atoms in the A-B configuration 
whereas MY = + 1 suggests segregation leading to the formation of 
A-A pairs or B-B pairs in the alloy. cil = 0 corresponds to a random 
distribution. 

Finally, it is possible to investigate the nature of chemical diffusion 
in liquid alloys with the knowledge of the S,,(O) recently suggested by 
Singh and Sommer [IS]. From the Darken’s thermodynamic equation 
for diffusion [16, 19, 201, we obtain 

where D, is the mutual diffusion coefficient and D, is given by 

D, = cD, + (1 - c)Dj (16) 

where Di and Dj are the self-diffusion coefficients of the ith and jth 
components. 

3 DISCUSSION ON STRUCTURE OF Pb-Bi ALLOYS 

The calculations for the Pb-Bi melt have been carried out for six 
different concentrations. Figure 1 shows a comparison of fitted and 
experimental data (from Ref. 4) for the total structure factors for three 
different concentrations. The figure indicates good agreement with 
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FIGURE 1 
tions and temperatures indicated on the graphs. 

Fitted and experimental values of S ( q )  vs. q ( k ' )  for Pb-Bi at concentra- 

experiment for most concentrations. At concentrations close to 
equiatomic composition, a kink is observed in the experimental S(q), this 
feature is however, not reproducible by our calculations. This seems to 
signal that the underlying theory used here is more suitable for alloys of 
simple metals. Bismuth, we note is not a simple metal and experimentally 
it exhibits a small hump in the main peak of its structure factor [21]. 

The parameters used to fit the potentials are given in Table I. Here, 
the slight variations in the potential parameters is suggestive of com- 
pound formation albeit of a low degree when compared with the 
situation for Cu-Bi [ 5 ]  melts where almost all potential parameters 
are concentration dependent. 

The partial structure factor S ,  &) are shown in Figure 2. At 0.95 atomic 
fraction of Bi, the principal peak height which is low is characterized by a 
shoulder to the left of the peaks. This shoulder reduces due to the 
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STRUCTURE OF LIQUID ALLOYS 7 

Pb-BI 

TABLE I 
for Pb-Bi liquid alloys 

Input Parameters used in the evaluation of the partial structure factors 

T E M P  CONC. o i l  (T22 ' l l I K B  ' z z I ~ B  A1 z 
( K )  %Bi d d f K )  ( K )  

503 0.30 2.74 3.12 40.65 43.15 2.22 2.29 
773 0.30 2.74 3.12 40.65 43.15 2.22 2.29 
303 0.56 2.66 3.22 40.65 43.15 2.22 2.29 
773 0.56 2.45 3.49 40.65 43.15 2.22 2.29 
488 0.75 2.76 3.08 40.65 43.15 2.22 2.29 
773 0.75 2.64 3.18 30.65 33.15 2.22 2.29 
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FIGURE 2 Ashcroft- Langreth partial structure factors S,(q) vs. q ( k ' )  for Pb-Bi 
alloy at Bi concentrations indicated on graphs. 

precipitation of a small pre-peak at low atomic fraction of Bi. This 
indicates some form of ordering at  low concentrations of Bi. One is of 
the opinion that the presence of the Bi affects the Pb in the molten 
alloys giving rise to a pre-peak. 
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8 B. C. ANUSIONWU et al. 

For S,,(q), the principal peak increases with increase in the concen- 
tration of the bismuth atoms. At low Bi concentrations, there is a 
marked departure from a symmetric nature in the principal peaks. At 
higher concentrations of Bi, the molten alloy tends to exhibit proper- 
ties which can be associated with a regular alloy. In the case of S, , (q) ,  
the maximum peak occurs at the equiatomic composition. This 
noticeable effect is more pronounced in Mg-Bi [7] and Cu-Bi [ S ]  
systems. The authors of these papers attribute the behaviour to the 
segregating nature of bismuth. However, since, the elements Pb  and Bi 
are chemically inert, segregation to either Bi-Bi or Pb-Pb atoms are 
not very likely. Neumann et al. [4] suggested that the assumption of 
an A-B form of ordering for Pb-Bi systems could be used to explain 
the observations. 

The S,,(q) curves is shown in Figure 3. At high concentrations of Bi 
(0.95 at. frac. Bi), a large shoulder prior to the peak was observed as in 
Cu-Bi [5 ] .  It is also observed that S,,(q) lies between zero and cIc2. 
S,,(q) tends to zero at large q. In addition, there is a non uniform 
behaviour of S,,(q) at low q and a broadening of peaks and sharper 
negative peaks are observed for high atomic concentration of Bi. 

One observes that the structure factors of Pb-Bi are significantly 
temperature dependent. Temperature changes do not affect their gen- 
eral structure but have considerable effect on the magnitude. The 
partial structure factors taken at temperatures of 500, 700 and 900 K 
show the typical feature of decrease in the magnitude of the peak with 
increase in temperature. 

4 ORDERING IN Pb-Bi ALLOYS 

From discussions given in the section above, it is apparent that there 
is a need to investigate using some techniques, the nature of ordering 
in the molten Pb-Bi alloys. This is the main subject in this part of the 
paper. 

The procedure and equations for determining S,,(O) from the total 
structure factors have been enumerated in section 3. Figure 5 shows a 
comparison of computed S,,(O) and the ideal values. To interprete this 
graph, we note that ordering in liquid alloys can be measured from 
the departure of S,,(O) from the ideal value given by S:,(O) = c(1 - c). 
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FIGURE 3 
alloy. S,,(q) is pushed up by 0.2 units and S,,(q) by 0.5, all on Sij(y) axis. 

Bhatia- Thornton partial structure factors vs. y (k') for Pb-Bi molten 

Basically S,,(O) < SFc(0) is an indication of heterocoordination 
(preference of unlike atoms to pair as nearest neighbours) while 
S,,(O) > SFc(0) implies a tendency for homocoordination (preference 
for like atoms to pair as nearest neighbours) also called phase separ- 
ation. The position of the S,,(O) versus c curve yields information on 
the nature of the complex while its depth signifies strength. 

Experimental values of S,,(O) are not available to guide our deduc- 
tions, so our discussions here would be based on calculations. On 
comparing S,,(O) for Pb-Bi with experiment, it is obvious that the 
Pb-Bi system exhibits compound forming tendencies. In order to give 
some quantitative discussion on the magnitude of compound forma- 
tion we have computed the Warren-Cowley short range order par- 
ameter c ( ~ .  This is shown in Figure 5. The computed values of ctl are 
quite illuminating, its negative throughout the concentration curve 
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FIGURE 4 S,,(O) vs. concentration for Pb-Bi alloy. 

but quite low (ayinj z 0.05. This value is far from - 1 which is the 
minimum value that could suggest strong compound formation. How- 
ever, the value is close to zero which is the value of a1 for a random 
distribution of constituents of the alloy. These values of a1 suggests 
that the Pb-Bi molten alloy manifests very low compound forming 
tendencies. It could be inferred from the calculation that Pb-Bi mol- 
ten alloy is close to an ideal alloy. 

For the calculation of a1 there is a relatively unknown quantity, the 
coordination number for which we have used the value 2 = 12. The 
ratio of the mutual and self diffusion coefficients D also yield informa- 
tion similar to that of a, but without the uncertainty in 2. Essentially, 
one can show [16] that for ideal mixing D --+ 1, for compound forma- 
tion D > l and D < l corresponds to segregation. Features exhibited 
in the calculated values of D in Figure 5 are similar to those for C I ~  

thus, we feel in a better position to make some remarks. 
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FIGURE 5 
alloy. 

ccl and the diffusion coefficient D against concentration for Pb-Bi molten 

A linearity in the dependence of a, on concentration is observed 
between 0.62 and 1.00 atomic. frac. of Bi. It is perhaps coincidental 
that Sharrah and Petz [2] observed a decrease in coordination num- 
ber of Pb-Bi liquid alloy near 0.6 at.frac. of Bi, from its value of 12 at 
other concentrations, in addition to their suggestion of a minimum 
viscosity near the composition. The above suggestion may be 
attributed to the level of compound forming tendency around these 
composition. The observations on the other hand suggests a high 
sensitivity of properties of Pb-Bi alloys to small changes in chemical 
compositions. 

Significantly also, the maximum departure from linearity in the 
concentration dependence of liquid alloy volumes were observed [2] 
to occur between 0.2 and 0.3 at. frac. Bi. It may be inferred that some 
relatively higher level of ordering and compound formation occur in 
this region of concentration. These activities may be partially 
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12 B. C. ANUSIONWU et al. 

responsible for the anomalies previously observed in the aforemen- 
tioned region. 

5. CONCLUSIONS 

The solutions of the Percus-Yevick equation with a square well 
attractive tail have been used to study the structure of Pb-Bi systems. 
The calculated results are in good agreement with experiment. 

The calculated partial structure factors in the long wavelength limit 
were used to determine S,,(O), this was in turn used to study the 
nature of ordering in the molten Pb-Bi alloys. We note that though 
the concentration-concentration fluctuations in the long wavelength 
limit S,,(O) are lower than the ideal values at all concentrations, it 
does not exhibit a distinctive minimum at any stoichometric composi- 
tion, this indicates that the formation of any complex in the alloy if it 
exists is of a weak nature in the liquid phase. S,,(O) < S$(O) through- 
out indicates that heterocoordination persists at all concentrations. 
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